We discuss statistics of Doppler-broadened spectral lines, in particular, the statistics of fluctuations in Position-Position-Velocity data cubes along the velocity axis. We show that absorption substantially changes the long wavelength statistics of fluctuations compared to the optically thin case. At the same time, short-wavelength asymptotic is not affected by absorption and remains powerlaw. We consider both the case of high spatial resolution and the case of poor spatial resolution and discuss the retrieval of power-law indexes of velocity and density spectra. This provides a new technique for studies of turbulence from observations. A big advantage of the technique is that studies of turbulence can be accomplished even when spatial resolution of the turbulent volume is poor.
Introduction
As a rule astrophysical fluids are turbulent and the turbulence is magnetized. This ubiquitous turbulence determines the transport properties of interstellar medium (see Elmegreen & Falgarone 1996 , Stutzki 2001 ) and intra-cluster medium (Inogamov & Sunyaev 2003 , Sunyaev, Norman & Bryan 2003 , see review by Lazarian & Cho 2004a) , many properties of Solar and stellar winds, accretion disks etc. One may say that to understand heat conduction, transport and acceleration of cosmic rays or propagation of electromagnetic radiation in different astrophysical environments, it is absolutely essential to understand the properties of underlying turbulence. The mysterious processes of star formation (see McKee & Tan 2002 , Elmegreen 2002 , Pudritz 2001 ) and interstellar chemistry (see Falgarone 1999 and references therein), shattering and coagulation of dust (see Lazarian & Yan 2003 and references therein) are also intimately related to properties of magnetized compressible turbulence (see reviews by Elmegreen & Scalo 2004) .
From the point of view of fluid mechanics astrophysical turbulence is characterized by huge Reynolds numbers, Re, which is the inverse ratio of the eddy turnover time of a parcel of gas to the time required for viscous forces to slow it appreciably. For Re ≫ 100 we expect gas to be turbulent and this is exactly what we observe in HI (for HI Re ∼ 10 8 ).
Statistical description is a nearly indispensable strategy when dealing with turbulence. The big advantage of statistical techniques is that they extract underlying regularities of the flow and reject incidental details. Kolmogorov description of unmagnetized incompressible turbulence is a statistical one. For instance it predicts that the difference in velocities at different points in turbulent fluid increases on average with the separation between points as a cubic root of the separation, i.e. |δv| ∼ l 1/3 . In terms of direction-averaged energy spectrum this gives the famous Kolmogorov scaling E(k) ∼ 4πk 2 P (k) ∼ k 5/3 , where P (k) is a 3D energy spectrum defined as the Fourier transform of the correlation function of velocity fluctuations ξ(r) = δv(x)δv(x+r) . In this paper we use ... to denote averaging procedure.
The example above shows the advantages of the statistical approach to turbulence. For instance, the energy spectrum E(k)dk characterizes how much energy resides at the interval of scales k, k + dk. At large scales l which correspond to small wavenumbers k ( i.e. l ∼ 1/k) one expects to observe features reflecting energy injection. At small scales one should see the scales corresponding to sinks of energy. In general, the shape of the spectrum is determined by a complex process of non-linear energy transfer and dissipation. For Kolmogorov turbulence the spectrum over the inertial range, i.e. the range where neither energy injection nor energy dissipation are important, is characterized by a single power law and is, therefore, self-similar. Other types of turbulence, i.e. the turbulence of non-linear waves or the turbulence of shocks, are characterized by different power laws and therefore can be distinguished from the Kolmogorov turbulence of incompressible eddies.
How to compare interstellar turbulence with the results of numerical simulations and theoretical expectations is an important question that must be addressed. After all, theoretical constructions involve necessary simplifications, while numerical simulations of turbulence involve Reynolds, and magnetic Reynolds numbers that are very different from those in the ISM. Are numerical simulations of ISM of value? To what extent do they reproduce interstellar turbulence? These sort of questions one attempts to answer with observations. Substantial advances in understanding of scaling of compressible MHD turbulence 1 (see reviews by , and references therein) allow to provide a direct comparison of the theoretical expectations with observations. How reliable are the turbulence spectra obtained via observations?
Among different types of astrophysical turbulence, interstellar turbulence is the primary candidate for a study. Indeed, high resolution and high signal-to-noise data is easier to obtain for interstellar gas. Therefore it is not surprising that attempts to obtain spectra of interstellar turbulence have been numerous. In fact they date as far back as the 1950s (see von Horner 1951 , Munch 1958 , Wilson et al. 1959 . However, various directions of research achieved various degree of success (see Kaplan & Pickelner 1970 , a review by Armstrong, Rickett & Spangler 1995) . For instance, studies of turbulence statistics of ionized media were more successful (see Spangler & Gwinn 1990) and provided the information of the statistics of plasma density at scales 10 8 -10 15 cm. This research profited a lot from a clear understanding of processes of scintillation and scattering achieved by theorists (see Narayan & Goodman 1989) . At the same time there are intrinsic limitations of the scintillations technique due to the limited number of sampling directions and it being relevant only for ionized gas at extremely small scales. Moreover, these sort of measurements provides only the density statistics, which is an indirect measure of turbulence.
Velocity statistics is a much more coveted turbulence measure. Although, it is clear that Doppler broadened lines are affected by turbulence, recovering of the velocity statistics was extremely challenging without an adequate theoretical insight. Indeed, both velocity and density contribute to fluctuations of the intensity in the Position-Position-Velocity (PPV) space.
Velocity centroids have been around as measure of the velocity field for a long time now (see von Hoerner 1951 , Munch 1958 ). And they have been widely used to study turbulence in molecular clouds (see . Recent work on velocity centroids (e.g. Esquivel & Lazarian 2005a and references therein) show that velocity centroids are a good measure of velocity statistics for subsonic turbulence or mildly supersonic turbulence. While asymptotics of the velocity statistics can be obtained in supersonic regime using Modified Centroids , this can be done reliably only in the case of steep density, which is not the generic case for the high Mach number turbulence (see Beresnyak, Lazarian & Cho 2005) .
Supersonic turbulence was shown to be available through the Velocity Channel Analysis (VCA) introduced in Lazarian & Pogosyan (2000) . There a general theory of fluctuations in scattering of cosmic rays (Yan & Lazarian 2004 ) and acceleration of the cosmic dust (Yan, Lazarian & Draine 2004. PPV was presented. In particular, asymptotics were obtained both for the spectra of intensity fluctuations in channel maps and along the velocity coordinate. While the first statistics has been accepted and successfully used (Stanimirovic & Lazarian 2001) , the big advantages of the Velocity Coordinate Spectrum (termed VCS in Lazarian 2004) were realized only recently. The ongoing work (Esquivel & Lazarian 2005b , Chepurnov & Lazarian 2005 shows that VCS allows to successfully recover velocity statistics even when the spatial resolution of the turbulent volume is poor.
The goal of the present paper is to account for the effects of absorption in the framework of the VCS analysis. In doing so we rely on the results of our earlier study in LP00 and LP04. In the latter paper we accounted for the absorption in the framework of the VCA analysis.
The main object of our present study is a volume of emitting gas which extension along the line of sight is much smaller than the distance from the volume to the observer. This allows to use the geometry of parallel lines of sight. The opposite limit when the convergence of the lines of sight is essential is discussed in Chepurnov & Lazarian (2005) .
The structure of our paper is as follows. In §2 we review the issue of spectral line intensities in the presence of absorption as well as the description of the Position-PositionVelocity (henceforth PPV) and the underlying velocity and density statistics. Here we rely heavily on our results obtained in LP04. In §3 we introduce a new formalism for dealing with the fluctuations along the velocity coordinate in the presence of absorption. There we prove that the absorption acts as a window in the velocity space: for velocity differences larger than the width of the window the statistics is distorted by absorption and is a power law anymore, while for velocity differences smaller than the absorption window the results of the optically thin case are still applicable. The latter is the most important regime that we study in the present paper. Different aspects of the statistics of fluctuations along velocity coordinate for optically thin media were discussed in our earlier papers (LP00, LP04). However, this was not the main subject of those papers, which were aimed at understanding of statistics of fluctuations in 2D slices of PPV data cubes. Thus in our §4 we present a detailed treatment of the problem using the formalism this paper is based on. As the result we both rederive our earlier results and get new ones. We also solve puzzles related to describing fluctuations along the velocity coordinate using spectra and structure functions. Combining the results of §3 and §4 we address the issue of the statistics in the presence of absorption in §5. We discuss the value of our results and the domain of the applicability of the technique in §6. The summary is provided in §7. We discuss the fundamental PPV statistics, i.e. 3D PPV densities, correlation functions, and spectra in Appendixes A and B.
Observable Statistics of Fluctuations

Observables
In this paper we study the statistics of the emissivity fluctuations in PPV space along the velocity coordinate, taking into account the effects of self absorption and finite angular resolution of the telescope. The goal is to relate the statistics that can be obtained through spectral line observations, for instance, the structure function
of the intensity of emission I X (v) in the PPV point with velocity v in the direction 2 X, to the underlying properties of the turbulent cascade. Note, that the measure (1) is available for the ideal resolution of an instrument, while in general the averaging over the beam must be carried out.
The statistics of I X (v) are affected by both the turbulence and the absorption. To quantify these effects consider the standard equation of radiative transfer (Spitzer 1978)
In the case of self-adsorbing emission in spectral lines that is proportional to the first power of density
where φ v (z) is the velocity distribution of the emitters at point z along the line of sight. The line-of-sight component, v, of the velocity at the position x is a sum of the regular gas flow (e.g., due to galactic rotation) v gal (x), the turbulent velocity u(x) and the residual component due to thermal motions. This residual thermal velocity v − v gal (x) − u(x) has a Maxwellian distribution, so
where β = κ B T /m, m being the mass of atoms. The temperature T can, in general, vary from point to point.
Solution of this equation if no external illumination is present is
To integrate (6) we shall assume that α is constant. This constancy is the essence of the Sobolev approximation that was found to be useful in many astrophysical applications. In this approximation it is useful to introduce a variable
Evaluated at the full thickness S of the emitting region, Y (S) counts all emitters in the velocity interval [v, v + dv] and, therefore, is equal to the density in PPV coordinates along the line of sight X under the consideration,
Using Y v (z) as the integration variable in eq. (6) we get the relation between the line intensity and the PPV density of the emitting gas.
As the result, eq. (1) can be written as
The effects of turbulence are imprinted on the statistics of densities in velocity space 3 . Our next step is to relate those to the 3D statistics of turbulent velocities and densities.
3D real-space and PPV statistics
It is well known that in the presence of magnetic field MHD turbulence becomes axisymmetric in the reference frame related to the local direction of magnetic field (see discussion in Cho, Lazarian & Vishniac 2002 and references therein) . However, as we have discussed earlier (see LP00, LP04), to large extend it is possible to use isotropic statistics of density and velocity when we deal with observations. Briefly, this is related to the fact that the observations are performed in the global system of reference related to the mean magnetic field. In this system of reference the anisotropy is rather mild and spectra in directions parallel and perpendicular to magnetic field have the same scaling. These considerations were successfully tested using synthetic observations based on the data cubes obtained through direct 3D MHD simulations .
This allows for a substantial simplification of the turbulence description, namely, permitting us to use standard isotropic statistics (Monin & Yaglom 1976) . Statistically isotropic in xyz-space density field ρ(x) has the correlation function
We shall also use the correlation function of density fluctuations δρ = ρ − ρ
Where appropriate, we also use the structure function
and the power spectrum
which are the other ways of describing turbulence (see more discussion in LP04).
In LP00 the Fourier space statistics, namely, power spectra, were primarily used with the correlation and structure functions playing an auxiliary role. In LP04 and in the present paper we deal with absorption in real space. Therefore we mostly use real-space statistics, namely, the correlation and structure functions. The two are straightforwardly related to each other and interchangeable (see discussion in LP04). The correlation functions are more appropriate to use for shallow power spectra, while the structure functions serve best for the steep ones. For very steep spectra, the utility of structure functions becomes problematic as well (see , the issue we address in this paper. The power spectrum, if can be measured directly, does not have the limitations of real space statistics.
The problem that induced this work is that one observes the gas distribution not in the real space galactic coordinates but rather in PPV cubes towards some direction on the sky X and at a given line-of-sight velocity v. Thus, the central object for our study is a turbulent 4 Note, thatd(r) for fluctuations coincides with d(r). When using both correlation and structure functions one essential difference should be kept in mind: while the value of the structure function at some scale r, d(r), is determined by the power of fluctuations at smaller scales r ′ ≤ r, the value of the correlation function ξ(r) reflects the integral power at scales r ′ ≥ r. For the power-law statistics, the correspondent integral contributions are dominated by the power near the scale r itself, localizing the information provided by ξ(r) and d(r) values.
cloud in PPV coordinates. The statistical properties of the PPV density ρ s (X, v) depend not only on the real density of gas, but also on velocity distribution of gas particles. The subscript s distinguishes the quantities in (X, v) coordinates from those (X, z) coordinates.
We shall always assume 2D statistical homogeneity and isotropy of ρ s (X, v) in Xdirection over the image of a cloud. However, homogeneity along the velocity direction can only be assumed after additional considerations, if at all. Naturally, there is no symmetry between v and X. Then, in PPV space the mean density is
and the correlation functions of the density and, closely related, density fluctuations δρ
For PPV statistics structure functions are found to be more useful
Here we have maintained the notation which highlights the symmetries of the statistics. Homogeneity and isotropy in X lead the mean density to depend only on velocity while the correlation functions depend only on the magnitude of separation between two sky directions R = |R| = |X 1 −X 2 |. Dependence on the velocity is retained for the time being in the general form.
If the gas is confined in an isolated cloud of size S and the galactic shear over this scale is neglected we get (see Appendix A)
where somewhat complicated prefactor entering eq. (A9) is omitted. Turbulent effects remain important up to the scale of the cloud S at which turbulent structure function saturates at the value D z (S) = (CS m ) 1/2 . For the studies of turbulence in the presence of a regular flow, e.g. the galactic shear velocity v gal one should replace v in the exponent in eq. (19) by v − v gal (see, LP00). In addition, when the amplitude of fluctuations grows with separation, one should use structure functions in PPV. The transfer from one type of statistics to another is similar to that discussed in Appendix A.
We point out that ρ s (X, v) exhibits fluctuations even if the flow is incompressible and no density fluctuations are present (LP00). Following LP04 we split the result correspondinglỹ
with the v-term describing pure velocity effects, while the ρ-term arising from the actual real space density inhomogeneities that are modified by velocity mapping. To simplify the notation we have dropped index s from the right-hand-side quantities, since this split is only meaningful in PPV space anyway.
Power spectra and the correlation radius r 0
Self-similarity of turbulence results in power-law statistics, e.g. ξ(r) ∝ r −γ . If γ < 0 the correlation is dominated by large scales and we work with the structure function d(r) ∼ r −γ , growing with separation. Following our earlier convention in LP00 and LP04 we call the γ < 0 case "steep spectrum case" and γ > 0 "shallow spectrum case". A steep power spectrum P (k) falls faster than k −3 while the shallow spectral index is higher than −3.
We use power-law statistics to describe the density, as well as the velocity fields. While for the density field both shallow and steep behaviour can be realized (see Beresnyak, Lazarian & Cho 2005) , for velocities all theoretical and experimental results on turbulence that we are aware of predict steep spectra (see Cho, Lazarian & Vishniac 2003) .
Steep velocity spectrum
An isotropic velocity field u(x) is fully described by the structure tensor ∆u i ∆u j , (Monin & Yaglom 1972) . Only z-component of velocities is observable. For the power-law statistics and assuming that the velocity field is solenoidal 5 , z-projection of the tensor is (see LP04)
where θ is an angle between r and z. The fact that the spectrum is steep means that m > 0.
5 Separating solenoidal and potential components of the velocity is an important problem that we do not address here (see LE03, Lazarian 2004).
Shallow density spectrum
For shallow density, we use power-law correlation functions of overdensity:
where r 0 has the physical meaning of the scale at which fluctuations are of the order of the mean density. We have argued in LP04 that the amplitude of density perturbation at the scale of a cloud should not exceed the mean density, which translates for shallow density spectrum in a requirement that r 0 < S.
Steep density spectrum
To describe the density statistics for steep (i.e. n < −3) power spectrum one should use structure function description given by Eq. (12).
Real world structure functions do not grow infinitely and therefore we have to introduce a cutoff at some large scale. If the cut-off happens at r c then for the long-wave dominated turbulence (γ < 0)
To find the characteristic correlation length in this case, we note that the correlation function (well defined now because of the cutoff at large scales) is
At sufficiently small r ≪ r c Eq. (24) gives
Introducing the correlation scale as
we recast eq. (25) in the form similar to eq. (22) 
The meaning of the density correlation scale r 0 is that it defines the amplitude of the density fluctuations at scale r relative to the term that plays the role of the mean uniform density. For the shallow spectra fluctuations exceed mean term at small distances r < r 0 , while for the steep spectra they are large in the opposite limit r > r 0 . The density correlation scale embeds the information on the degree of real density inhomogeneity and is critical for determining relative contributions of velocity and density effects in PPV statistics.
While for the shallow spectra the uniform density in the volume is just the ensemble average density ρ , for the shallow spectra the role of the uniform density factor is played by ρ 2 + d(∞)/2. The meaning is clear: density perturbations with the steep spectra have most power at the largest scales ∼ r c . In a relatively small volume, all long-wave modes give mostly uniform offset of the density, on background of which we study small scale ripples. In other words, they serve as locally mean density. The typical magnitude of these modes is described by the dispersion, 1/2d(∞). Besides that there is a contribution of the overall global mean density ρ 2 as well. As the result, r 0 > r c always, which makes recovery of small scale behaviour of density fluctuations difficult, since they are never dominant at r < r c .
Formal similarity of the shallow and steep cases as expressed in eq. (25) and eq. (22) allows us to use many statistical results of PPV formalism for both positive and negative γ without modification.
Line-of-Sight Statistics of Intensity Fluctuations in a Spectral Line
We start detailed discussion of the velocity spectral analysis with generalization of eq. (1) that accounts for the the finite angular resolution of the experiment
Here, B(X) is the beam of the instrument, centered at the line of sight at X = 0. The explicit introduction of the beam was avoided in LP00 and LP04 as those papers dealt with slices of data for which spatial resolution was essential. For the case of studies of fluctuations along the velocity coordinate, meaningful results may be obtained for spatially unresolved eddies as well.
Using eq. (8) and a short hand notation ρ ij = ρ s (X i , v j ), we can express D(v 1 , v 2 ) via PPV density in the following form
This is the most general formula, to proceed further we need to consider some limiting cases and approximations. Our main emphasis is on a small scale regime v ≪ D(S) 1/2 .
One important issue is whether the statistics in velocity line can be assumed homogeneous, in which case the statistical descriptors are the functions of the velocity separation
To be valid this requires statistical homogeneity of the PPV density, which, in particular, corresponds to the case of a flat mean line profile I X (v) = const over velocities under consideration. More generally, one would like to subtract the mean line profile, and assume homogeneity for the fluctuations only 6 . Statistics of the fluctuations will then be described by the modified structure functioñ
In this paper we shall leave open the task of determining and subtracting the mean line profile, and assume that PPV density is statistically homogeneous over velocities of interest. The eq. (29) indicates that at small separations v the correction due to the mean profile is only quadratic in v, while the most interesting regime for the structure function is when it scales with v less steeply.
The form of eq. (28) is particularly convenient to study the small scale behaviour. The term in square brackets depends on the difference between PPV densities at different velocities, but along the same line of sight, ρ 21 − ρ 22 and ρ 11 − ρ 12 . Considering statistics at sufficiently small velocity separations, one can expand these terms into the power series
Self absorption manifests itself by limiting the accuracy of the low order expansion at small velocity separations and also through additional 'absorption window' coming from e −α(ρ 11 +ρ 22 )
6 Whether statistics is homogeneous is also important to our ability to measure it with the noisy data. In the measurements, the ensemble average . . . is replaced by the volume average over the space in which the statistics is homogeneous, i.e. does not change with the translations in space. Take D(v 1 , v 2 ). How can we estimate it from the data ? If it depends separately on v 1 and v 2 and we have only a single line of sight, then there is no averaging available and our estimate of the correlation will be very noisy
2 . For homogeneous statistics, however, we can average over
2 , beating the noise down significantly. However, if we have measurements at several lines of sight, we can average our estimator over X which may give as ability to measure even inhomogeneous D(v 1 , v 2 ).
factor.
7 In LP04 we have argued, that factoring out the averaging over the window
provides a good approximation to study the onset of the absorption effects on the statistics.
In case of isotropic beam B(X) = B(|X|), the last expression becomes
where
The formalism is significantly simplified in the limit of ideal angular resolution, B(X) = δ(X). The criterion when the beam spread can be neglected depends itself on the properties of the turbulence and the velocity scales we are measuring. Details will be given below, but, obviously, velocity separations must not be too small for the beam smearing to be unimportant.
where we have omitted a now irrelevant first, spatial, index in ρ, ρ i = ρ(0, v i ). Notably, in the limit of ideal resolution, absorption window is statistically decoupled from the difference terms ρ 1 −ρ 2 ( if statistical homogeneity of the PPV density in velocity direction is assumed). The operation of averaging is factorized in this case exactly.
At the velocity scales both large enough for beam to be neglected and small enough for series expansion to be accurate
The eqs (32,35) provide the basis for the subsequent discussion of the short scale limit of statistical descriptors and the conditions when the absorption start to play role.
Statistics of Fluctuations along V-coordinate for α → 0
In the case of vanishing absorption, α → 0, the intensity is given by the linear term in the expansion of the exponent in eq. (8)
and directly reflects the PV density of the emitters. We shall treat separately several limits. First of all, in the limit of the high angular resolution (the narrow beam)
while in the limit of the poor angular resolution (the wide beam) when the spectral data is effectively integrated over the whole image of the object
We shall provide a criterion for the transition from one to another regime.
Narrow beam
As the first step we consider the case of ideal spatial resolution of the instrument. Doing so we discuss the pitfalls of the naive use of structure functions that we employ in the paper and describe the ways to remedy the situation.
Let us discuss in detail the density contribution d ρ (0, v) as a more general one, setting γ = 0 at the end for d v (0, v). This structure function is given by the integral (see eq. (19))
where p = (1 − γ)/m − 1/2 > 0 and Γ is incomplete gamma-function.
For small argument, using series expansion of the incomplete gamma-function
The informative part of the structure function is in v 2p Γ[−p] term, while each term in the series part of eq. (40) is universal, has no information about the underlying scaling and thus present a problem for a straightforward use of structure functions. For instance, the very first divergent term in eq. (40) is dominant whenever p < 1, saturating the structure function at v 2 behaviour. 8 The leading behaviour of the structure function is then
, m < 2/3 (1 − γ) (42) and, specifically for the velocity contribution,
Notably, Kolmogorov value m = 2/3 is the boundary case here.
Where does the saturation come from? If we use an infinite integration range over dz in eq. (39), meaning that in 3D our scaling is exact over entire space, we get
therefore additional offending terms came from the edge effects. So in idealized case one can think of a structure function scaling with index > 2, but any edge effects destroy this and saturate the slope at the value 2. 9 for example, incomplete subtraction of the mean line profile, tend to add quadratic terms to the structure function. Thus, we have to conclude that the two-point velocity coordinate structure function is not a useful quantity to measure directly, unless m > 2/3(1 − γ), which, in particular, excludes the case when Kolmogorov turbulent velocity dominates the fluctuations of intensity.
8 Series expansion for the incomplete gamma-function is irregular at integer p. Rigorous treatment of these cases, most notable of which is the case of Kolmogorov velocity, m = 2/3, γ = 0, p = −1, gives rise to additional logarithmic factors.
9 For slopes > 2 the usual interpretation that the value d(r) reflects only the scales r ′ < r is not valid. The d(r) is now sensitive to large scales as well and is easily corrupted.
However, it is possible to show that the v 2 and, in general, v 2n contributions provide only δ-function contribution to the spectra 10 . Therefore we go to the Fourier domain and evaluate the velocity coordinate power spectrum.
The power spectrum is defined for narrow beam studies as
Substituting integral expression (39) for D n (v), we perform dv integral first, to get
In case integration over z is extended to infinity, we just get
which coincides with the result obtained in the last Appendix of LP00 11 . When the boundary effects are retained
Thus, the boundary effects in Fourier space are localized to small k modes, through incomplete Gamma function term. At high k v → ∞ this term becomes negligible and we restore the correct power law asymptotics even for very steep slopes 2/m > 3 (power spectrum slope of −3 corresponds to structure function slope −2 in 1D, in our notation n = −1 + γ).
The formulae above express the spectrum along velocity coordinate or VCS in the case of high spatial resolution. Naturally, the same spectrum can be obtained using the three-dimensional PPV power spectrum P (K, k v ) in PPV (see Appendix B). Indeed, the narrow beam VCS P nar (k v ) is given by the integral over K
10 Indeed, consider v 2 cos kvdv. Presenting cos kv as 1/2(exp(−ik v v) + exp(ikv)) one can apply the contour integration to each of the integrals. It is easy to see that the sum of the integrals obtained after a variable change to v = −ix in the first integral and v = ix in the second integral is 0 if k is not zero.
11 Direct Fourier transform of the ideal power-law
gives, of course, the same result.
and therefore the spectrum P nar (k v ) is equivalent to P 1 (k z ), which was introduced in LP00, i.e. P nar (k v ) ≡ P 1 (k z ). In Appendix B we provide both the cases of small and and high wavenumber asymptotics for P 1 . In this paper, however, we primarily deal with the high wavenumber k v , and, correspondingly, k z , asymptotics
Wide beam
Different behaviour of the statistical descriptors is obtained when observations are done with limited spatial resolution. In the limit when the turbulent scale (or the whole cloud) is within the beam, we effectively integrate PPV statistics over the image, i.e R coordinate. Namely,
Ignoring the boundary effects and joining R and z integration into three-dimensional integral, we obtain
Unfortunately, this slope is very steep, e.g., for the velocity term, γ = 0, 6/m − 1 > 2 for all m < 2, and as we have learnt above the boundary effects will saturate the measurements at the universal, non-informative slope value 2. Situation is a bit better if the density dominates and γ > 0, but still the parameter range of sensitivity of the structure function remains limited to high m > 2(1 − γ/3).
One must again use the power spectrum where the problems are localized at low k v and can be separated out. At high wave numbers k v the one dimensional VCS in wide-beam approximation, P w (k v ), is equal to the three dimensional PPV power spectrum
Three dimensional PPV power spectrum has been obtained in LP00. We have
where the amplitude of the density contribution is defined through the correlation length r 0 . For velocity contribution, γ = 0,
The numerical prefactors s nm are given in Appendix B.
Results for finite resolution
A realistic beam has a finite width, ∆B. We remind the reader that we deal with the emitting volume which extend along the line of sight is much smaller than the distance to the volume, therefore the angular extend of the beam is straightforwardly related to the physical scales that we deal with.
For velocity coordinate studies it depends on the scale k v whether we are in the narrow or wide beam regime and which of the scalings, eq. (48) or eq. (54) is applicable. To the linear scale ∆B corresponds the velocity scale
equal to the magnitude of turbulent velocities at the separation of a size ∆B. It is not difficult to find that when k
the beam is narrow, while on shorter scales its width is important.
The rigorous derivation of this criterion is straightforward but tedious. The following simplified argument, based on already derived formulas, gives the qualitatively correct result:
The difference between the narrow-beam and the wide beam power spectra is the integration over K. One can approximate
, where ∆K is the size of Fourier domain over which the integral is accumulated. Comparing our results in eq. (48) and eq. (54) for the ideally narrow and fully-integrated beams, we find that ∆K ∼ k 2/m v . The beam is narrow, if ∆B corresponds to Fourier space integration of at least the size ∆K and is wide otherwise. With proper dimensional coefficients taken into account, we arrive to the criterion in eq. (57). Another conclusion is that the beam is effectively infinitely wide for all the scales of VCS study, if the beam width exceed the scale at which the underlying structure function of the turbulent velocity saturates (this scale is identified with S in this paper).
In Figure 1 we summarize the different scalings of VCS. As in our earlier papers (LP00, LP04) the main difference stems from the density being either shallow or steep. If density is shallow i.e. scales as ξ ∼ r −γ , γ > 0, which means that the correlations increase with the decrease of the scale, then it eventually gets important at sufficiently small velocity differences, i.e. at sufficiently large k v . In the opposite case, i.e. when γ < 0, the contributions of density can be important only at large velocity separations.
Plots (a) and (b) of Figure 1 deal with the case of shallow density. They differ in the amplitude of the density contribution to VCS, encoded by the correlation length r 0 . Again, the velocity scale that corresponds to r 0 is
Accurate comparison of the density (γ) and velocity (γ = 0) contributions to VCS, given by eq. (48) or eq. (54) respectively, gives the critical scale when they are equal
Numerical factor in brackets is somewhat different for narrow and wide beams, but in both cases it is close to unity in the interesting range −1 < γ < 1 (several aspects of our formalism break at γ = 1). So we can roughly equate the scale of equality of density and velocity effects to r 0 , i.e k −1 c ≈ ∆V r 0 in velocity units. Velocity is dominant at k v < k c , while the density term provides the main constribution at k v > k c .
If ∆V B < ∆V r 0 the scale of transition from asymptotics entirely dominated by velocity to the one influenced by both velocity and density is spatially resolved. The observed statistics of the unresolved turbulent eddies depends on the scalings of both velocity and density. On the contrary, when ∆V B > ∆V r 0 the transition scale is unresolved. If there is still a dynamical range for moderately long scales to be resolved by the experiment
v > ∆V B , VCS of the resolved eddies will be determined by the turbulent velocities only.
The plot (c) of Figure 1 address the case of steep density. The difference now is that fluctuations of the density are maximal at low wavenumbers and it is there that the density can be important. However, as we discussed in §2.3, for the steep density the fluctuations are subdominant up to the scale of the emitting turbulent volume ("cloud"). Therefore the velocity is always dominant.
Window Function Defined by Absorption
Consider now the effects of absorption using eq (35). It is easy to see that the absorption acts as a window limiting the extend of velocity separations over which statistics of turbulence is not affected by absorption. For our purpose of studying turbulence over its power-law inertial range, this is the only velocity range that matters.
Expressions (35) and (37) show that for sufficiently small R the structure functions of intensity differ from the earlier studied case by the window function determined by the absorption W absorption = e −α(ρ 11 +ρ 12 ) . Two important conclusions directly follow from this observation. First, it is clear that if the window function determined by data slicing is much narrower than that given by the absorption we get results indistinguishable from the earlier (a) (b) (c) Fig. 1 .-Qualitative representation of the density and velocity contributions to the VCS power spectrum and the resulting scaling regimes. For (a) and (b) density power spectrum is taken to be shallow, γ > 0. The (a) panel corresponds to high amplitude of the density correlations, r 0 > ∆B, when density effects become dominant at relatively long wavelengths for which the beam is narrow. In the (b) panel, the amplitude of density correlations is low r 0 < ∆B and they dominate only the smallest scales which results in the intermediate steepening of the VCS scaling. The (c) panel corresponds to the steep density spectrum. In this case the density contribution is always subdominant. studied case of no absorption. Second, in the case of integration over the whole line of sight, the results will be different from the earlier studied case because the window function is not equal to unity any more. The criterion when the absorption is not important for velocity studies is straightforward. Expression (35) transfers into (37) when W absorption is of the order of unity over the range of scales studied.
Let us estimate the form of the window assuming Gaussian statistics and homogeneity of the density fluctuations δρ s = ρ s − ρ s . Then (see LP04)
For homogeneous statistics the variance of the fluctuations does not depend on velocity thus the corresponding factors are constant and affect only the normalization of the result. However, their presence reveals limitations of the Gaussian approximation when the absorption is large. Indeed, a similar term appears in the mean line profile computed for Gaussian ρ s , namely,
Clearly the answer is unphysical when α > 2 ρ s (X 1 , v 1 ) / δρ 2 s (X 1 , v 1 ) . The problem arises because the Gaussian fluctuations do not obey the constraint that the density ρ s is positive. Therefore for high absorption, negative density excursions, however rare, dominate the result.
In view of this, we select in eq. (60) the factors which describe the variable part of the mean intensity profile, and write them in non-expanded form
This approximate formula does not suffer from the defect we have mentioned. The residual dependence on δρ s variance can be traced to the real effect of increase of intensity contrast between two points if absorption is present. However, this factor is constant in our treatment and we shall normalize it out. We summarize our considerations in the formula
The most important effect induced by absorption is an additional exponential down-weighting in the projection of the contribution from the points with large velocity separation v in a manner which itself depends on the turbulence statistics. For subsonic turbulence where the velocity variance is dominated by the thermal dispersion and is not scale dependent, the effect of absorption in our approximation amounts to a constant and for statistics is equivalent to zero absorption and zero turbulent velocity case. However, one should still check whether the linearization of the kernel holds at the scales under study for a given absorption value.
The most important qualitative characteristic of the window is its width, which for absorption we shall define as velocity v ab at which
In terms of the velocity-density decomposition of the PPV structure function, the product of the two windows arise ∼ e −α 2d v (0,v)/2 e −α 2d ρ(0,v)/2 . Both factors act simultaneously but the one with the smallest width determines the gross effect. Depending whether the density is steep or density is shallow we have two different regimes.
When the density is steep our analysis of narrow beam structure function, which coincides with d s (0, v), shows that the major contribution comes from d v (0, v). One should use asymptotics given by eq. (44) and (43) When the density is shallow and the d ρ dominatesd s (0, v), using asymptotic expressions for d ρ given by eq. (41) and (42) leads to the absorption window widths
(1 − γ) r 0 /S > 1 (42) − (44) (64)).
The parameter space for which d ρ dominates is given in Table 1 .
A rather curious feature of the window function statistics is that it is determined in most cases by the universal asymptotics that does not influence the spectra. This stems from the fact, that δ function contribution to the spectra is important for determining the level of absorption.
Discussion
The VCS is a unique tool that allows studies of MHD turbulence even when the spatial resolution of the instrument is poor. Indeed, spatial resolution is absolutely essential for centroids and channel maps it is not essential for velocity fluctuations that are imprinted on the fluctuations of intensity along the velocity coordinate direction. On the contrary, the wide beam regime discussed above provides velocity information for unresolved or poorly resolved turbulence sources. This is of immense importance for studies of turbulence in extragalactic objects, supernova remnants, circumstellar regions. There is a potential of the modification of the technique for laboratory research, e.g. for plasma turbulence studies.
The VCS is mostly aimed at finding the velocity information. However, Figure 1 illustrates that in the case of shallow density both density and velocity spectrum can be obtained. Moreover, by changing the effective beam width one can find the correlation scale for density fluctuations, i.e. r 0 . Potentially, procedures of extracting underlying density can be developed for steep density case as well. However, this requires a careful accounting for errors that arise while the major contribution arising from velocity is subtracted from the data.
The requirements for the VCS to operate is for the turbulence to be supersonic, for the instrument to have adequate spectral resolution, and the signal to noise ratio to be high.
The latter requirement is due to the necessity of measuring steep spectra along velocity coordinate (in z-direction) when the resolution is low.
Our study above analyses the effects of absorption on the VCS. We find that while it limits the range of wavevectors for which the turbulent statistics can be retrieved, it still allows to get small scale asymptotic behavior of turbulence. This implicitly assumes that the inertial range of turbulence is sufficiently extended. This is definitely true for fully ionized gas, but may not be true for the partially ionized gas, where neutrals damp MHD motions.
In this paper we analyzed the problems related to the use of structure functions to the statistics along the velocity coordinate that stem from the spectra being steep. In principle one can design a 'next order' structure function which will have a counter term eliminating quadratic part as well. Such 'next order' function will be insensitive not only to the constants added to the field, but also to the gradients of the field. We shall not develop higher order structure function formalism here. (eq. (40) gives a good guidance on what terms need to be canceled). Instead, we used spectra along the velocity coordinate and this allowed us to avoid a lot of unnecessary trouble.
To simplify our presentation we considered emission that is proportional to the first power of density. However, we found that for many cases, e.g. for steep density, the actual spectrum of density is irrelevant. Therefore our results are not affected by the actual assumptions about the scaling of emissivity. In general, our results may be trivially generalized if correlation functions of emissivities are used instead of correlation functions of densities. With this note in mind we may claim that the VCS is applicable not only to HI, but also to CO transitions, emission by ions in turbulent plasmas, various molecules etc. This paper is the third paper in our series of papers relating the statistical properties of PPV data cubes and underlying statistics. The foundations of both VCA and VCS techniques were laid on in LP00. Then LP04 addressed the issue of VCA in the presence of absorption, while this paper addresses the same issues in terms of VCS.
A unique feature of the VCS is that this technique utilizes the information that was not even considered by earlier authors, as far as we know. Indeed, we developed the VCA (LP00) to explain the puzzling data on spectra of PPV slices 12 . The motivation for LP04 both to study the domain of applicability of VCA in the presence of absorption and to explain the CO line integrated data. The situation is different with the VCS, where the practical application of the technique to the actual data is only in plans. The VCS was, however, successfully tested with simulated observational data (Lazarian 2004 , Chepurnov & Lazarian 2006 , Esquivel & Lazarian 2006 ).
Talking about the VCS the cookbook recipe that can be traced back to LP00, but was not clearly formulated there is rather straightforward. The actual spectra of fluctuations depend whether the instrument resolves or does not resolve the scale k −1 under study. If the scale is resolved the part that depends only on velocity scales as k −2/m and the part that depends on both velocity and density scales as k 2(1−γ)/m . If the scale is not resolved then the part that depends only on velocity scales as k −6/m and the part that depends on both velocity and density scales as k −2(3−γ)/m . Therefore if the turbulence has sufficiently long inertial range, signal to noise is high, and the instrument has adequate spectral resolution, both velocity and density statistics can be recovered from the fluctuations in v-direction. A recovery of the density statistics for shallow density is straightforward, while for steep density is challenging.
The introduction of absorption in VCS and VCA brings about different results. Within the analysis of velocity slices spectra (VCA) the absorption results in a new scalings for slices for which absorption is important. The asymptotics unaffected by absorption is recovered for the VCA within sufficiently thin slices. For the VCS no new power-law asymptotics is available in the presence of absorption. When absorption gets important the spectra get exponentially damped. This is a simplification in terms of interpreting the data 13 . A complication, that the VCS entails is related to the necessity of dealing with steep power indexes, which makes the data more sensitive to errors.
All the above confirms that the VCA and the VCS are complimentary techniques, which is good to use together when this is feasible. A big and yet unexplored advantage of the joined use of the VCA and the VCS is that they are sensitive to different parts of the velocity tensor. The VCS is sensitive to the incompressible part of motions, while the VCA senses both incompressible and compressible motions. This presents us with a unique possibility to study effects of compressibility.
Among the three techniques of obtaining velocity spectra, namely VCA, VCS and velocity centroids, both VCA and VCS are robust in the presence of absorption. The absorption limits the scales at which turbulence may be studied, but does not distort the short-scale asymptotics. The velocity centroids that contain moments of the line from the point of view of the formalism introduced in this paper look more vulnerable to absorption. A better insight on the comparative role of absorption should be clear from the further research.
Talking about the role of the present study in a more general framework of the techniques for studies of interstellar turbulence we would say that the this paper together with LP04 provides a quantitative foundations for understanding properties of Spectral Correlation Functions (SCF) (see Padoan, Goodman & Juvela 2003 and references therein) in the presence of absorption. The relation, however, between these techniques and another statistical tool, namely, Principal Component Analysis (PCA) (see Heyer & Brunt 2004 and references therein) is not yet clear.
Summary
I. Statistics of fluctuations along the velocity coordinate in PPV space in the absence of absorption has two parts, one depending exclusively on velocity and the other depending on both velocity and density: the relative amplitude of the two terms depends on the amplitude of density perturbations and the dominance of the particular part depends on whether density statistics is shallow or steep: a) if the density statistics is steep, then at small wavenumbers the spectrum of fluctuations is affected by both density and velocity and at larger wavenumbers the spectrum of fluctuations is affected only by velocity. b) if the density spectrum is shallow, then at small wavenumbers the spectrum of fluctuations is affected only by velocity and at larger wavenumbers the spectrum of fluctuations is affected by both density by velocity. c) the wavenumber corresponding to the transition point between the two regimes above depends on the amplitude of density fluctuations.
II. Statistics of turbulence can be recovered from the fluctuations in PPV space along velocity coordinate even in the presence of absorption. If we are interested in power-law statistics only, the main effect of absorption amounts to the introduction of the low frequency spatial filter for the v-direction fluctuations. As the result, one of the regimes, either the one that depends on both velocity and density or the one that depends on the velocity only may not be measurable. This provides constrains on how detailed the obtained statistics may be in the presence of absorption.
III. With or without absorption thermal broadening of spectral lines introduces high frequency smoothing of the high frequency fluctuations along v-direction. This smoothing amounts to the requirement that the turbulent velocities under study should be larger than thermal velocities. AL research is supported by by NSF grant AST 0307869 and the NSF Center for Magnetic Self Organization in Laboratory and Astrophysical Plasmas.
A. Statistics of density in PPV
In this Appendix we calculate some statistical properties of the velocity space density
where φ v (x) is given by eq. (5) and random fields ρ(x) and u(x) over distribution of which we average are assumed to be uncorrelated. We assume turbulent velocity field to be described by the Gaussian two-point probability distribution function. We shall also consider statistical properties of the density distribution in the galactic coordinates to be homogeneous:
The mean PPV density is given by We observe that the density in the velocity space is statistically inhomogeneous which is reflected first of all in a residual dependence of the quantities in eqs. A2-A4 on the absolute velocity v 1 or v + and not only on velocity difference v. In particular, eq A2 describes the mean velocity profile of the of the density, which is not, in general, uniform.
There can also be dependence of the statistics on sky coordinates X, if the regular flow pattern v gal (x) is complex. We shall not consider this possibility, restricting our attention either to v gal described by linear shearing pattern or the case where regular flow can be neglected altogether as is the case for isolated clouds.
Expressions eqs. A2-A4 are quite complex. They are significantly simplified in several astrophysically important cases. First of all, when one considers small enough scales so that turbulent velocities are smaller than D z (∞)
1/2 , all exponential terms which contain D z (∞) can be taken equal to unity and we have
the velocity dispersion. The assumed distribution, e.g. the Gaussian distribution, of large scale cloud velocities is present for an ensemble of clouds, while for an individual cloud under study its extension in the velocity space is a fixed realization from this distribution. Typically, for an individual cloud, the mean density is fixed. As the result the terms like exp[−v 2 1 /2(β + D z (S))] in Eqs. (A8-A10) represent numerical factors and will be omitted in our further discussion.
B. 3D and 1D PPV Power Spectra
Here we present asymptotics and useful approximations for the 3D PPV power spectrum P s (k) obtained in LP00. We can present the 3D spectrum P s (k) as
where the part P v (k) depends only on the velocity statistics and the part P ρ (k) has contributions from both velocity and density. The results for both parts of PPV spectrum are presented in Table 2 . The first ("long-wave") asymptotics is achieved for waves longer Table 2 : Asymptotical behavior of the 3D spectrum in velocity space. Numerical constants a n , b m and s nm are given below.
than a velocity correlation scale S or for the waves transverse to the line of sight, which are unaffected by velocity mapping. The second ("short-wave") asymptotics is reached for waves that are shorter than the turbulence length and have non-negligible component in z-direction.
Calculations in LP00 also provided the asymptotics of the one-dimensional spectrum Table 3 : Asymptotics of the 1D spectrum along the line of sight at scales larger than gas sound speed, k z < 1/(f v T ).
that are summarized in the Table 3 .
Numerical constants that appear in Table 2 are a n = 2π 2 Γ(−n)/ Γ 
